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Service Scheduling for Random Requests With
Deadlines and Linear Waiting Costs

Ramya Burra

Abstract—We study service scheduling problems in a slotted
system where jobs arrive according to a Bernoulli process and
leave within two slots after arrival. Service costs are quadratic in
service rates, and there is also a linear waiting cost. We frame the
problems as average cost Markov decision processes. While the
studied system is a linear system with quadratic costs, it has
state-dependent control and a non-standard cost function
structure, rendering the optimization problem complex. We
obtain explicit optimal policies in the case when all the jobs are of
the same size. In particular, we show that the optimal policy is
linear or piece-wise linear in the system state, depending on the
system parameters. We then consider a scenario where each
service request comes from a rational agent interested in
optimizing his/her service and waiting cost, and we obtain a
symmetric Nash equilibrium. We extend our study to a scenario
where job sizes can take distinct values, and job arrivals
constitute a Markov chain. Here, we provide an algorithm that
yields the optimal policy, but it is of exponential complexity.
Finally, we propose an approximate policy of linear complexity
for general job size distributions and derive its performance
bound.

Index Terms—Service Scheduling, Linear waiting costs,
Quadratic service cost, Markov Decision Process.

1. INTRODUCTION

ERVICE or job scheduling problems arise in many con-

texts such as cloud computing, task scheduling in CPUs,
traffic routing and scheduling, production scheduling in
plants, scheduling charging of electric vehicles (EVs), etc.
For instance, in cloud computing, server power consumption
increases as a convex function of the load [1]. Hence, often
delay-tolerant jobs need to be deferred in order to save on
long-term average power cost. Similarly, traffic needs to be
regulated in transportation networks to ensure that conges-
tion is not excessive at any point in time. Serious concerns
have been raised about service costs in many of these prob-
lems. For instance, it was estimated that electricity used in
global data centers was about 1.1% of the total electricity
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use in 2010, and it has been increasing since then [2]. In the
context of EV charging, the electricity cost of a charging sta-
tion could rise quite steeply as the load increases. So, it is
immensely important to schedule jobs or services in all such
cases optimally.

When service costs are convex functions of offered loads,
optimal scheduling promotes load balancing over time. How-
ever, if deferring loads also incur waiting costs, equalizing loads
across time is not optimal. We study service scheduling in slot-
ted systems with Bernoulli service arrivals and service delay
guarantees. We consider quadratic service costs and linear wait-
ing costs. In particular, jobs can stay for two slots but incur a
waiting cost in the second slot. We see that this service schedul-
ing problem is a special case of constrained linear quadratic
control (See [3, Section 4.2]). We provide an optimal service
scheduling policy and a symmetric Nash equilibrium policy for
the scenario where jobs are interested in minimizing their own
costs. Our framework applies to several service scheduling
problems like CPU speed scaling, EV charging, etc. For an elab-
orate discussion, see Section A of supplementary material.

A. Related Work

Job or service scheduling problems have drawn great atten-
tion in many domains in the recent past. In the context of EV
charging, scheduling is aimed at optimizing charging costs.
Electricity generation cost is known to be a quadratic function
of the charging rate [4]. The authors in [5] adopt this quadratic
cost model. They assume that EV arrival statistics are not avail-
able and propose an online scheduling algorithm to minimize
the cost. In [6], the authors consider a charging station with
multiple outlets and real-time pricing. They assume that EVs
have uncertain departure times. They frame the EV scheduling
problem as a stochastic optimization problem and provide a
closed-form solution. The authors of [7] have formulated a
vehicle to grid (V2G) control problem with price uncertainty as
a Markov decision process (MDP). Furthermore, they also pro-
posed a Q-learning algorithm. In [8], the authors consider the
problem of minimizing random processing cost and convex
non-completion penalty for jobs that arrive randomly at a ser-
vice center with multiple service stations. They formulate this
problem as a restless multi-arm bandit. They propose an
approximate algorithm with asymptotic guarantees.

In the area of smart grids, scheduling aims at peak-shaving
to save on steep electricity costs at higher loads. In [9], the
authors consider renewable energy buying-back schemes with
dynamic pricing to achieve energy efficiency for smart grids.
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They pose this problem as convex optimization and design
distributed day-ahead pricing algorithms. The authors in [10]
find the optimal energy consumption levels for grid subscrib-
ers to maximize the aggregate utility of all the subscribers.

In the case of data centers, server scheduling, aimed at mini-
mizing power consumption, is implemented in the form of
dynamic voltage and frequency scaling (DVFS). The authors
in [11], [12] propose algorithms to dynamically schedule the
workload on Internet data center servers while meeting con-
stant service delay guarantees. In [13], the authors assume that
the energy curve of data center switches is also a convex func-
tion of their transmission speeds and design VM assignment
and routing algorithms to minimizing energy consumption.

The authors in [14] consider a finite number of agents com-
peting for a common link to ship their demands to a destina-
tion over time. They consider polynomial congestion cost and
linear waiting cost to obtain optimal, and equilibrium flows.
However, in this setup, every agent has a common arrival and
deadline. In [15], the authors consider routing on a ring net-
work in the presence of quadratic congestion cost. However,
their formulation does not have a temporal element and is thus
a one-shot optimization problem. Scheduling for minimizing
energy costs has also been considered in the context of CPU
power consumption [16], [17], big data processing [18], pro-
duction scheduling in plants [19]. In [20], the authors propose
an optimal online algorithm for job arrivals with deadline
uncertainty. In this work, they consider convex processing
cost. They also derive a competitive ratio for the proposed
algorithm. None of these studies account for the waiting costs
of jobs as considered in our work.

Speed scaling problems have been studied extensively in com-
puter science and systems engineering. In one of the first works,
the authors in [16] consider a minimum energy scheduling prob-
lem in the context of CPU processing. They assume that instanta-
neous processing cost is a convex function of the processing
speed and provides optimal offline and online algorithms. There
have been several follow-up works since then. In [21], the
authors provide a formal proof of optimality of the algorithm
in [16]. The authors also propose online algorithms to minimize
energy and minimize the maximum temperature of the CPU. In
the same context, the authors in [22] study the tradeoff between
the energy consumption and the total flow time of all jobs. Unlike
the above problems, we consider service scheduling in a slotted
system and, in addition to energy cost, also include a waiting
cost in the objective. Our service scheduling framework applies
to several contexts, e.g., CPU speed scaling, EV charging, etc.

For instance, in the context of EV charging, the drivers
become jittery as the deadline approaches if they have not
received a good amount of charge until then [23]. This justifies
the inclusion of waiting costs in our formulation. Our problem
can be seen as a discrete version of the speed scaling problem
with a waiting cost. More precisely, we minimize the total aver-
age cost that comprises energy cost and a waiting cost.
Recently, the authors in [24] focus on optimizing a weighted
sum of energy cost and tardiness in the context of jobs with soft
deadlines. We can see our setting as having a soft deadline of
one slot and a hard deadline of two slots. Unlike [24], we
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TABLEI
COMPARISION OF OUR FORMULATION WITH DIFFERENT MODELS

I References I Service cost
Yao et al. [16]

Bansal et al. [21]

Objective I
Minimize energy
Minimize energy and maximum
temperature attained
Minimize energy and
flow time
Minimize energy and
maximum tardiness in a
power-down mechanism
Minimize energy and
waiting cost

Convex function
Power function !

Albers and Fujiwara [22] Power function

Che et al. [24] fixed amount of energy

when the CPU is on

Our formulation Quaderatic function (i.e., Power

function with 2 as the exponent)

consider weighted tardiness cost, weighed by the amount of
service not met by the soft deadline. Refer to Table I for an
overview of the distinction between our formulation and others.

Linear systems with quadratic cost have also been widely
studied in control theory. For instance, in infinite horizon
unconstrained linear quadratic control, the optimal policy is
found to be linear in system state and is given by the Riccati
equation [25]. The authors in [26] study constrained linear
quadratic control and show that the optimal policy is piece-
wise linear and the value function is piece-wise quadratic. We
have a control problem with state-dependent constraints. The
problem does not conform to standard assumptions, e.g., posi-
tive definiteness of the control weighing matrix.

B. Our Contribution

(1) We study optimal service scheduling for Bernoulli job
arrivals, quadratic service costs, linear waiting costs,
and maximum sojourn time of two slots. We frame this
as a constrained linear quadratic control problem and
derive optimal scheduling policy for the case where
jobs’ service requirements are identical.

(2) We then consider a scenario where each service request
comes from a rational agent interested in optimizing
his/her service and waiting cost. We obtain a symmetric
Nash equilibrium for the associated stochastic game.

(3) We extend the framework to allow two distinct job sizes
with Markov service requests. We do not get a closed-
form optimal policy, but we provide an algorithm that
computes the optimal policy.

(4) We extend the framework to general, i.i.d. service
requirements. The algorithm for two distinct job sizes
can be extended to address this scenario as well. We
also propose a closed-form approximate policy and
derive its performance bound.

II. SYSTEM MODEL

We consider a discrete-time (slotted) system with a service
facility and dynamically arriving “splittable” service requests.
Thus, for a service request in any slot, the service provider
may defer a portion of it to future slots. Serving requests incur
a cost, and the cost per unit service in a slot depends on the
quantum of service delivered in that slot. Here we focus on

" The function f : [0,00) — R, is called a power function with exponent
o, if f(z) = 2% a > 1.
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the problems of scheduling of service. Below we present the
system model and the scheduling problems formally.

Service request model: Agents with service requests arrive
according to an ii.d. Bernoulli(p) process. All the agents
demand v amount of service. Further, each request can be met
in at most two slots, i.e., a fraction of the demand arriving in a
slot could be deferred to the next slot. In Section V, we extend
this model to include general service requirements and Mar-
kov job arrivals.

Cost model: The cost consists of two components:

(1) Service cost: The service cost per unit service in a slot is

a linear function of the total service offered in that slot.
Thus the total service cost in a slot is square of the total
offered service in that slot.

(2) Waiting cost: Each service incurs a waiting cost that is a
linear function of the portion of the service deferred to
the next slot. We use d to denote the waiting cost per
deferred unit service. We use linear waiting cost instead
of prominently used constant waiting cost for two rea-
sons. First, it encourages the service provider not to
defer large fractions of demands. Secondly, in many of
the systems of interest, agents can leave the system in
between slots also if their service requirements are met.
In such systems, assuming the earliest deadline first ser-
vice discipline, agents’ waiting costs would indeed be
commensurate with the amount of deferred demands.

Let, for k > 1, z;, be the remaining demand from slot k£ — 1
to slot k; 1 = 0. This demand must be met in slot k. Also,
for k> 1, let v, be the extra service offered in slot k.
Clearly, vj, € [0, ¢] and is 0 if there is no request in slot k. A
scheduling policy T = (my, k > 1) is a sequence of functions
7 2 [0, %] — [0, 9] such that if there is a service request in
slot k then my(x)) gives the amount of service deferred
from slot k to slot & + 1. In other words,

R mp(x) = ¥ — vy, if a request arrives in slot k
kot 0, otherwise.

We consider the following two scheduling problems.

A. Optimal Scheduling

We aim to minimize the time-averaged cost of the service
provider. More precisely, we want to determine the scheduling
policy 7 that minimizes

T
Mn%E:EWm+WV+dm} (1)
k=1

T—o0

We obtain the optimal solution in Section III.

At first glance, the optimization problem appears to be a
special case of the well-studied constrained linear quadratic
control Markov decision problems. In particular, if we define
binary variables ej, k > 1, as

o — { ¥, if slot k has a request
k 0, otherwise
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then (xy, e;;) can be considered to be the system state in slot k.
The total service in slot k, @y, € [xy, x; + €x], and wy, = egyq
can be considered the action and the noise in slot k, respec-
tively. Then state evolution happens as (Zgi1,€41) =
(wy + e, — Uy, wy) and the single stage cost is dzy, + u;. We
see that the actions are subject to state dependent constraints
and the single stage costs are not expressible in the form
(21, ex)" Q(ar, ex) + @2 with Q a positive semidefinite matrix.
Thus the problem does not conform to the standard framework.

B. Equilibrium for Selfish Agents

Here, we consider rational agents, each determining how
much of its demand should be deferred. Further, each agent is
aiming at minimizing his/her own service and waiting costs.
For example, in the context of EV charging, EV owners being
rational agents would be interested in minimizing their own
cost instead of the total system cost. In such scenarios we can
frame service-scheduling problem as a non-cooperative
dynamic game among the agents. In this context, let us refer
to 7y as a strategy of the agent who arrives in slot & (if there is
one) and 7 = (my, k > 1) as a strategy profile.” The expected
cost of an agent who arrives in slot &, if it sees a remaining
demand z, is

cr(x, @) = — () (¥ — mi(x) + ) + mp(2) (7 ()

+ (¥ — g1 (mr())) + d), 2

A strategy profile 7 is called a Nash equilibrium if

Ck7($7ﬁ) S th(xa (/’Laﬁ—k))

forall k > 1,z € [0, y] and strategies 4 : [0, 9] — [0, ¥].> We
focus on symmetric Nash equilibria of the form (7,7, . ..) and
obtain one such equilibrium in Section IV.

The proposed framework can be used to model many sched-
uling and speed scaling problems, e.g., traffic scheduling, speed
scaling in CPUs, scheduling of charging of EVs etc. Please see
Section A in supplementary material for a detailed discussion.

III. OPTIMAL SCHEDULING

We first show that the optimal scheduling problem can be
transformed into a stochastic shortest path problem. Let
A;,1 > 1 be the successive slots that have service requests but
do not have service requests in the preceding slots. More pre-
cisely,

min{k : slot k has a request}, ifi=1
A; =< min{k > A;_; :slot k has a request but
k — 1 does not}, if i > 2.

Then A;,i > 1 can be seen to be renewal instantsof a renewal

process. We show below that the mean renewal life times,

E[A;;1 — A;], do not depend on the scheduling policy.
Lemma 3.1: B(A;41 — A;) = ]ﬁ

2 Notice that 7 consists of a strategy for each slot but there may not be any
agent in a slot to use the corresponding strategy.

P Tok) 2 (T Tty By 1 - - )
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elk ek+1
State Xk+1 = U State X4z = Ugt1
(e, €x) (Xre+1) €k+1)
i
Controller Controller
w, = m(xy) if e = ¢ Ypas = T(ee1) i €rr = @
k 0, otherwise k1 0, otherwise
Cost Cost
(axter —we)® + dxe (k1 et — Wpear)? + dXppy
¥ ]
H H
T T
Slot k Slot k+1

Fig. 1. The system evolution: The noise variables es are i.i.d. Bernoulli(p).
The state (x, ¢;;) and action uy, at slot k determine the cost at slot k and also
the state at slot k + 1.

Proof: See Section B in supplementary material. u
Hence, from the Renewal Reward Theorem,

1 T
lim fz E[(.’Ek + Uk)2 + dﬂ;‘k]
k=1

T—o0

B[ 4+ )

E[Ai1 — Al
Ajp1—1
= p(l — p)E [ Z ((l‘k + ’Uk-)2 + dxk)l ,
=4,

where the last equality follows from Lemma 3.1. So, we can
focus on minimizing the aggregate cost over a “renewal life-
time” A;.1 — A;. But we do not incur any cost after service
completion of the last customer in this lifetime. We can thus
frame the problem as stochastic shortest path problem where
terminal state corresponds to absence of request in a slot.

Remark 3.1: Average cost optimality problems have equiv-
alent stochastic shortest path formulations and we often solve
the latter ones to get a solution to the former ones [3]. We
obtain a simpler connection in the service scheduling problem
as renewal cycle length does not depend on policy.

Stochastic shortest path formulation. We let z; be the sys-
tem state at any slot k and ¢ be a special terminal state which
is hit if there is no new request in a slot. Let x4 also denote
the action in slot k. Clearly, the single stage cost before hitting
the terminal state is (zj + ¥ — :E]C+1)2 + dxy, (see Fig. 1).
Given the state-action pair in slot &, (xy, z5+1), the next state
is the terminal state with probability 1 — p and the terminal
cost is Tp11 (1 + d).

Let J:[0,%] — R be the optimal cost function for the
problem. It is the solution of the following Bellman’s equa-
tion: For all z € [0, ¥/,

J(z) = min {(w—u—i—x)Z +dx

ue(0,y]
+pJ(u) + (1 — p)u(u+ d)}.

The optimal cost is attained by a stationary policy of the form
(z*, %, ...) where 7* () minimizes the right hand side in the
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above equation for all z. For brevity, we use 7* to refer to this
policy. Let us define the “k-stage problem” as the one that
allows at most k + 1 service requests. More precisely, here the
system is forced to enterthe terminal state after k£ + 1 service
requests if it has not already done so. Let Ji(-) be the optimal
cost function of the k-stage problem. Clearly,

%u)zgpﬂw—u+xf+dx+um+dﬁ 3)
and for k > 1,

Ji(z) = H}}n{(lﬁ —u+ )’ +de+pJi(u)
+(1—plu(u+d)}.

“

We can express J(+) as the limit of .J;,(-) as k approaches infin-
ity. Furthermore, we can express the desired optimal policy
also as the limit of the optimal controls of k-stage problems
(i.e., optimal actions in (3)-(4)). This is the approach we fol-
low to arrive at the optimal scheduling policy.

A. Optimal Policy

We show that the optimal policy is either piece-wise linear or
linear in the pending service depending on the parameters ¥, p
and d. If d > 2¢(1 — p), the former case arises, and the suc-
cessive constituent line segments are characterized by sequen-
ces a;,b;,i > 0 defined below. These sequences converge to
as and by, respectively (see Lemma 3.2(a) and (b)). If d <
2y (1 — p), the optimal policy is linear and is characterized by

G and by,. For i > 0, let us define the following sequences

. 1, ifi=0
@ =941- 1+§,’; , otherwise ®)
b 212)1/{ + dl,* if7=0 .
i % +d, otherwise. ©)
Let us further define
o A ifi=0 o
' Hrap)rioyvh; );i’ﬁbi — 1, otherwise.

If d > 2y(1 — p), the sequence, x;,7 > 0, is strictly increas-
ing (see Lemma 3.3(b)). It consists of the points where the
optimal policy changes it slope. We begin with formally stat-
ing the properties of the above sequences.

Lemma 3.2: (a) The sequence aj,k >0 converges to
(oo = /1 —p.

(b) The sequence by, k > 0 converges to

P S
R Y e Ry et

(¢) If 2¢(1 — p) > d, then b} < 2py+d < 2y for all i >0
and, so by, < 2.
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(d) If2¢(1 —p) < d,then b > 2py+d > 2y forall i >
0 and, s0 by, > 2.
Proof: See Section C in supplementary material. u

b
Lemma 3.3: (a) 222 < yforall 0 < z < .

(1+aco)
(b) If 2¢(1 —p) < d, then xy > 0 and the sequence
xr, k > 0 is strictly increasing. Furthermore, there exists a k >
0 such that z;; > .
Proof: See Section D in supplementary material. u
The optimal scheduling policy is as follows.

Theorem 3.1: (a) If d < 2¢(1 — p),

n*(x)zix—i—w_l%o.
(1+an)
() 16201 — p) < d,
0, if z €0, x]
7 (z) = W, if ¢ € [x,2114],1=0,...., K -1
%, if © € [zk, Y]

where K = min{k : z,, > v}.*

Proof: See Appendix A-A. |

Remark 3.2:

(1) When 2¢/(1 — p) > d, the optimal scheduling policy is
a linear function.

(2) When 2y(1 — p) < d, the optimal policy is a piecewise
linear function with progressively increasing slopes,

(3) When 2¢/(1 — p) < d, assuming that the first user sees
zero pending service, it defers zero service to the next
slot. So, the second user also, irrespective of when it
arrives, sees zero pending service, and behaves simi-
larly. We can repeat this argument to conclude that no
user defers any service in this case.

(4) In the deterministic case (i.e., when p = 1), 2y(1 —
p) < d for any d > 0. Hence, the optimal scheduling
policy is a piecewise linear function. However, as
explained above, no user defers any service in this case.

The second remark implies that the optimal policy is convex

and increasing in the pending service. The following theorem
shows that the optimal cost is also a convex increasing func-
tion. The proof consists of inductively showing that Ji.(-), k >
0, are convex increasing and so is their limit.

Theorem 3.2: The optimal cost function .J(x) is an increas-

ing convex function.

Proof: See Appendix A-B. u

IV. NASH EQUILIBRIUM FOR SELFISH AGENTS

In this section we provide a Nash equilibrium for the non-
cooperative game among the selfish agents (see Section II).
Specifically, we look at symmetric Nash equilibria where each

4 The cases z € [@1, 2141) and 2 € [z, Y] do not arise if 2y > ¥ and the
former does not arise also when g < ¢ < x;.
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agent’s strategy is a piece-wise linear function of the remain-
ing demand of the previous player.

Let C': [0,¥] — R, give the optimal cost for a player as a
function of the pending demand given that all other players
use strategy 7’ : [0, ] — [0, y]. Clearly, C(z) is given by the
following equation for all z € [0, ¥].

Clz) = Ugggf]{(w —u)(¥ —u+ )

+u(u+d+p(y—7'(uw))}

We call 7’ = (z,/7,/...) a symmetric nash equilibrium if
7'(x) attain the optimal cost in the above optimization prob-
lem for all z, i.e., if

7' (x) € arg min{(y — u) (¢ — u + )
uel0,y]

+u(u+d+ p(y — 7' (u)))},

for all = € [0, y]. We characterize one such nash equilibrium
in the following. As in section III we define k-stage problems,
where the tagged player has atmost k service requests after it,
before the terminal state is hit. Let Cj,(-) be the tagged users
optimal cost in the k-stage problem and 7 (-) be the corre-
sponding optimal strategy. Then

Co(x) = urelﬁiﬁ]{(l/f —uw) (Y —u+tz)+uut+d} (8

and for all k£ > 1,

Ci(z) = min {(y —u)(Yy —u+2z) +u(u+d
uel0,y] (9)

+p(¥ — 7724(“)))}

We can see C'(z) as the limit of Cy(z) as k approaches infin-
ity. Furthermore, the limit of the optimal strategy of k-stage
problems yield a symmetric Nash equilibrium.

A symmetric Nash equilibrium: We show that, similar to
the optimal policy, a Nash equilibrium policy is also either
piece-wise linear (not necessarily continuous) or linear in the
pending service. If d > (2 — p)¢, the former case arises, and
the successive constituent line segments are characterized by
sequences a;, b;,i > —1 defined below. These sequences con-
verge to a._ and b, respectively (see Lemma 4.1(a) and (b)).
If d < (2 — p)y, the Nash equilibrium policy is a/ x + V.,
where z is the pending service. For k > —1,

/ 0, if k=-—1
a;, = #, otherwise (10)
I
/ 07 lf ]41 - _1
b, = (Q—Z)‘g—w , otherwise (b
“3pd,_

We first state a few properties of the above sequences.
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= ’ 1236 1242 1.248
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0.2 ]
0.1 ]
0
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x
Fig. 2. The Nash equilibrium policy for p = 0.3,d = 4.5, = 2.5. The Nash

equilibrium policy is piece-wise linear, and is discontinuous at © = 1.241 (see
the magnified graph).

Lemma 4.1: (a) The sequence aj,, k > —1 converges to
, 1 Vi—2p

P 2p

1

Also, al, < 3.
(b) The sequence by, k > —1 converges to

4 (2 —p)¥ —d)

b= .
o0 1—alp
Proof: See Section F in supplementary material. u

Further, let us define x, k > 0 as

_fd=@-pif k=0
= (4 —2paj_q)xr—1 — (2 — p)¥ + d — pbj_4, otherwise.

12)

If (2 — p)¥ < d, the sequence, z;,4 > 0, is strictly increasing
(see Lemma 4.2(b)). It consists of the points where the Nash
policy changes its slope. We begin with formally stating the
properties of the above sequences.

Lemma4.2: (a)a x+0b_ < yforall0 <z <.

(0) If (2 —p)¥ < dthenzy > 0 and the sequence xy, k >
0 is strictly increasing. Furthermore, there exists a k£ > 0 such
that x, > .

Proof: See Section G in supplementary material. u

Let us also define functions @, : [0, ¥] x [0,¥] — R4, k>
0 as follows:

Qo(w,u) = (¥ + 2z —u) (¥ — u) +u(u +d)
and forall £ > 1,

Qilz,u) = (Y 4+ —u) (Y —u)
+ulu+d+p(¥ —ap_yu—b_y)).
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1.2 w \ ‘ ‘ ;

- - --Optimal policy e
—Nash equilibrium .

0 0.5 1 1.5 2 2.5

Fig. 3. Optimal and Nash policies for p = 0.3,¢% = 2.5,d = 5. Here, the
optimal policy is piece-wise linear where as the Nash equilibrium policy is lin-
ear. The Nash equilibrium policy defers more service than the optimal policy
for small = and vice-versa for large x.

Clearly,

Ci(z) = min Q) (x,u) Vk > 0.
uel0,y]
Finally, we define a another sequence :v}, k > 0 as follows:
x(, = xo and for each k > 1, z/_is the largest root of

Qi (z,ap x+ by ) = Qux,apx +by).  (13)

We show that =), > x;, Yk > 0 (See Section H in supplemen-
tary material). Hence, following Lemma 4.2(b), there exists a
K >0 such that j, < for all k< K and z) > y for all
k > K. Following theorem gives a symmetric Nash
equilibrium.

Theorem 4.1: @ = (n)/ 7, ..
librium where

() Ifd < (2 - p)y,

7'(x) =a xz+ b,V e0,y],

() Ifd > (2 -p)y,

.) is a symmetric Nash equi-

0, if x € [0, (]
(z) =< aqu+b, ifzelr,z,]l=01..K-1
ax+ by, if x e[z, Y]
Proof: See Section H in supplementary material. u
We illustrate the Nash equilibrium policy via an example in
Fig. 2.
Remark 4.1:

(1) When (2 — p)¥ < d, the Nash equilibrium policy can
be discontinuous as seen in Fig. 2.

(2) When (2 — p)y¥ < d, assuming that the first user sees
zero pending service, it defers zero service to the next
slot. This argument can be repeated to conclude that no
user defers any service in this case. Recall that the opti-
mal policy does not defer demands when 2¢/(1 — p) <
d. Hence, when 2y/(1 — p) < d < (2 — p)y, the opti-
mal policy will not defer demands whereas the Nash
equilibrium policy will (Refer Fig. 3).
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Fig. 4. Average cost vs pending service, x for optimal and Nash policies. We
use p = 0.3, % = 2.5,d =5 for the left sub plot and p = 0.9, =2.5,d =5
for the right sub plot. Note that, the difference between the costs of the optimal
and Nash equilibrium policies increase with x. Also, the differences are high
for the higher value of p.

We compare the optimal and Nash equilibrium policies in
Fig. 3. We also compare cost for optimal policy and Nash
equilibrium policy with various parameters in Fig. 4. It can be
observed that the cost gap between optimal cost and Nash
equilibrium increases with an increase in p (refer plots in
Fig. 4).

V. DISTINCT SERVICE REQUIREMENTS
A. Two Distinct Service Requirements With Markov Arrivals

Let us recall that we assumed i.i.d. job arrivals in Section II.
Now we assume that jobs arrive according to a Markov pro-
cess. We also assume that the service requirements can take
two distinct values, ¥, and v,. We define ¥, = 0; a service
request Y, in a slot indicates no job arrival in that slot. The
transition probability matrix governing the Markov chain is a
3 x 3 matrix with elements being p; , 7, j € {0,1,2}. In other
words, if the current slot has an arrival v;,7 € {0, 1,2}, then
the arrival in next slot is y; with probability p; ;. As before,
each request can be met in at most two slots, i.e., a fraction of
the demand arriving in a slot could be deferred to the next
slot. We consider v, > i, without loss of generality. The
cost structure is similar to that in Section II.

We now describe state evolution and the optimal scheduling
problem. Let z;, and v, be defined as in Section II. Let us also
redefine ej, to be the demand in slot k. Clearly here, e €
{Vo, V1, ¥y} and vy € [0,ex], Yk > 1. A scheduling policy
7= (mp,k>1) is a sequence of functions 7y :
{0, V1, ¥t x [0,95] — [0, ;] such that my(ey, z)) gives
differed service from slot & to slot k + 1. Clearly, 7y (ey, 1) €
[0, ex] and

Tpy1 = wr(er, Tk) = ex — v

The scheduling cost to be minimized is given by (1) in
Section II.

Again, we can obtain an equivalent shortest path formula-
tion of the problem as in Section III, we let (e, ;) be the sys-
tem state at slot k and ¢ be a special terminal state which is hit
if there is no new request in a slot. Let x;; and e also
denote the action and noise, respectively, in slot k(i.e., an
arrival of ). Let e, =1;, given state action tuple
(ek, Tk, Tp+1), the next state is (Y, zx41) with probability p; 1,
(Y9, xp11) with probability p;» and ¢t with probability
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1 — pi1 — pi2. The single stage cost before hitting the terminal
state is (zy, + e — xkﬂ)z + dxy. Given the state-action pair
in slot k, (eg,xk,xr+1), the next state is the terminal state
with probability 1 —p;; —p;» and the terminal cost is
Tiy1 (1 + d).

Let J : {1, ¥5} x [0,¢5] — R be the optimal cost func-
tion for the problem. It is the solution of the following
Bellman’s equation: For all x € [0, v,],i € {1, 2},

I ) = min {( — u+ @)+ do+ piaJ (¥, )
wel0,v]

+pigd (Yo, u) + (1 — pix — pig)u(u+d)}.

Let us define the k-stage problem as in Section III and let
Ji(+, ) be the optimal cost function for this problem. Clearly,

Jo(¥;, ) = min

o w-]{(wi —u+x)’ +de+ulu+ d)} (14)

and
Je(j, ) = mi
k ( wi .'17) u g[})l,f/;]

X +pipdi-1(¥a,w) + (1 = pig — pi2)u(u+d)}

{(% —u+ )’ +dz + pig T (Y, u)

for k > 1. We express Ji,(;, z) as

Ji(W, @) = min {(; —u+ ©)* + du + aju’ + bju + e}

15)

In the following, we observe that optimal controls for k-stage
problems, 7y (;, x), k > 0, are piecewise linear functions and
Ji(¥;, ), k > 0 are piecewise quadratic functions. In particu-
lar for all k>0, [0,v,] is divided into intervals such that
(aj, b}) assume different values in different intervals. We use
I}, to denote the total number of such intervals. We use x;. (not
to be confused with z; in Section III) to represent the intervals:
xro = 0,21, = ¥y and 5,0 < j < I are the cross-over
points. In order to obtain the optimal policy 7(1;, x) we itera-
tively compute 7, (v;, z), k > 0.

1) Optimal Policy Computation: We start with computing
7o(¥;, x). For any k > 1, given ;1 (Y;, x), we first compute
zy, then we compute (a},b;) and then m4(v;,z). We now
illustrate this process for k= 0,1,2. x,a),b). From (14),
ahy =1,b, = d and ¢, = 0,Vi € {1,2}. These values remain
constant for all z € [0, y,]. Here 2y = {0, ¥, }. mo(¥;, ). The
solution to (14) is

2(z + ) — 0] "
mo (¥, ) = [Q(HQ) :
0 0
Since, [a2 =1 and b = d, 7o(Vy, ) < Yo,V € [0, 1,]. On
1
the other hand 7o (¥, z) = ¥, Vo > afy, + %0; there will be

S . b -
no such point in [0,v,] if ajy, + > ¥y. x1,ai,bi. The
optimal cost of 0-stage problem can be written as
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(Vy + x)2 + dx, if z €10, x%o]
a? 290l +17
%02 2%
Jo(Ya, ) = Ha%x Jr( H 0 +d)33
)Z
a2y -0 .
_1_% + C[)> if x € [SC%U, I/fg]
(16)
(V1 +2)° + da, it zel0,a],)
1
a 2 21p1a +b}
1+(;1 + ( I4ap el +d)
J()(I/flvx) = 9 bl 0)

w +b¥r :
+%+ 09 if r € [x%,va%,l]
22+ dx + ¥, (Y, + d), if @ € (21, ¥l

(17)
2 % 1 by 1 1 b
where 2, =3 — ¥y, 21 =3 — Y, 71 = a¥ +5. We

arrange {z} »i=1,2,7>0}i 1n ascending order; note that the
order is z7 0 < Ty, < 1:1 1- These points divide real line into
intervals. Using (16) and (17) in (15) with k£ = 1, we obtain,

ai‘o =1, ifue [va%,o]
. ai,l =1- gﬁg’ ) if ue (x%o»xio}
= ajp=1- 1]1;(1) - 11+'§(2)7 if ue (37%,0»95%,1}
ajy=1- 1’1‘33, if ue (:ch, Vs

bi,o = 2(pia¥y + pig¥y) +d, if u € [0, x%o]
i P2 (20292 +b2) .
= _13032 Ot 2piavy +d, if we (22,2t ]
i) g pi2Qagyatby) | pia(2a5ys+hp)
b1 B 12— 1+a% + 1+a(1) +d’
: 1.1
if ue (270,77,
i Ppi2 (26292 +b2) .
bg ="z td ;i w € (21, ¥

We now discard values in the above ordered sequence that
are not in [0, ¥,] and add 0 and ¥, to obtain sequence x; =
{21;,0< j< I }. Notice that each =1, (j < I;) has corre-
sponding @} ; and bZ that determine the optimal action in the
interval (1?1,3,1?1,3+1] for every i€ {1,2} in mi(¢;, ).

71 (Y;,x). The solution to the 1-stage problem can be
written as
0, if x < xé,o
_ ) w6 IV L
T = {ﬁ} , i @€ (ahah ;) (8

0§j<[1
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where z, j»J < I are given by

2(5”%,3' + ;) — b
2(1 +aj ;)

= T1,j,

and x5, | = .

The following lemma states that 71 (v, x) < ¥y, V@ €
[0, v,], which implies that, if the current request is 15, it is not
entirely deferred to the next slot. We use this property in
deriving the optimal policy for 2-stage problem. We later
argue that the optimal policies for k-stage problems for all k

have this property.
Lemma 5.1: 71 (Y, ) < Yo,V € [0, ).
Proof: See Section I in supplementary material. u
T2, ab, b . We next investigate whether 71 (Y, z) = ¥, for
some x € [0, ¥,), i.e., whether {x : 7y (¥,2) = ¥, } is non-

empty. If this set is non empty we define & to be the least
value in the set. Let x2 - be the largest Value in {zj;,7 >0}
smaller than 4. We then set :r 2l = & :ch , = V¥ and dis-
card atQJ,j > [+ 2. From Lemma 5.1 711(1//2, x) < Yy, Va €
[0, 95], so we leave the sequence {z3;,j >0} unchanged.
Next, we arrange ) j»J=0in ascendlng order. As for the
case k = 1, these ordered points d1v1de real hne in intervals.
For any two consecutlve points xQ é and x . there exist

umque intervals [z3,, 2y, ] and [z3,,,23,, +1] (we define
xy_y := 0) containing [372],372]]

1, lfl:_lym:_l
Pi2 1 = —
L- l+(l%.m , = 17m Z ’
. ‘ _
Ay =91l P2 < ]<[m>0
1+(1“ H_alm
B2 if l=1+1,m>0

(P11W1+Pz2¢2)+d7 ifl=—-1,m=-1

i.2(2a b
P2 V) o g 4 d, i L= —1,m > 0

2
I+a 1m
b _ pi‘2(2a1 7711’02Jr 1,m> pil(?g’l 771'//2+b1‘m) + d
2= 1+a? 14al ?

1m 1,m

ifo<i<i,m>0

pia(2 2 b2 _
PP V2 ) ifl=1+1,m>0

)
1+a1'm

+d,

We again discard values in the above ordered sequence that are
not in [0,v,] and add 0 and ¥, to obtain another ordered
sequence Zp = {x2,0 < j < I,}. For illustration, we show
1, %9,y and m; for an example with i.i.d. arrivals in Fig. 5.
Next, we determine the solution to the 2-stage problem,
2 (Y, x), i = 1,2. We continue this iterative process for k > 3.
We can stop at a k>1 if (wg,al,b,) are identical to
(zy_1,a}_4,bl_,). The limiting policy, mj(¥;,z),i = 1,2, is
the desired optimal policy. We formalize this process in Algo-
rithm 1. We find that 74 (v;,x),7 = 1,2 gets closer to the opti-
mal policy as k increases. So, to obtain an approximately
optimal policy, we can stop at a sufficiently large k. We illustrate
optimal policies for two examples with i.i.d. arrivals in Fig. 6.
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Fig. 5. Tllustration of optimal policy for O-stage and 1-stage problem with
i.i.d. arrivals. 7o (Y, x) vs x and 71 (¥;, z) vs  for p; = 0.8, ps = 0.05, ¢, =
3,¥, =5 and d = 0.5. Note that z ;, 2] o, #3 , 2}, are negative. Hence z; =
{0,33}71, ¥y} and 2y = {07533.17 xi,h”/@}-

Z
3
"ot JUPPL
£ P -
O -7
0 1 2 3 4 5
x
Fig. 6. Illustration of optimal policies for i.i.d arrivals. We use p; =

0.8,p2 = 0.05, ¢, = 3, ¥, = 5. d = 0.5 for the upper sub-plot and d = 5 for
the lower sub-plot.

B. Computational Complexity of Algorithm 1

Algorithm 1 is an iterative algorithm that iteratively calcu-
lates (wx,al,bl), k>0, where (zy,al,b;) characterize the
piece-wise linear optimal policy of the k-stage problem.
Recall that I}, k=0,1,... denote the maximum number of
line segments in the optimal policy of the k—stage problem.
Note that Iy = 2 and, for k > 1,

I < 2(Ip-1 + 1).
We get an inequality as “order” function may remove a few

values that are outside [0, ¥,]. We thus see that

I, <

i

' 20 (19)
=1

for all k£ > 0. In k-th iteration of the algorithm O(I;_;) com-
putation is needed obtain x, and further O(I},) computation is
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Algorithm 1. (Two Distinct Arrivals)
Input: 11, pr2, P21, P22, V1, Vo, d
a, =00,b, | =0¥n2>0,i¢€{l,2}
n=>0
To0 = 0,201 = ¥y, lo =1
afw = 1’%,0 =d,ie€{1,2}

do
n=n+1
fori=1:2do

forj=0:1, ;1 —1do

$i o 2(1 + ail,fl‘j)‘/ljnflvj + biﬁlj _

n.,j 2 i

end for
end for

Il=max{j: 2,1, < ¥}
2(1+ (1711_171—)1//1 + bt

1 n—1l
xn,l+1 - 2 1
(xn.[h DR mn,[,,) =
1 ! 2 2
order(,, gy -+ s Ty 115 T s - - T o150, V)

>>This function removes the values outside [0, ¥,] and puts the
remaining in ascending order.
forj=0:1,—1do
fori=1:2do

= -1, . if :v’,’,,o > Ty
! max{l: z! , < x,,},

nl = otherwise
end for
fori=1:2do
' Pi1 Di2
a =1—-—"—1, j——
n,j 1+ a’}l,fld‘l sl =71 a%hl’h
" 1+ avlz—l‘j] i<ty
2 2
+ pi’2(2w2an_lgz + bn—l.jz) d
T4a,
end for
end for

do while(z,,, al  b) # (z,_1,a. b ), ¥je {1,2}
Output

0, ifx <al,
i Vi
) — 2(.’1’3‘#]{/?)7[/;‘, . . i
(Y, x) = {42(1+af 5 J} , ifze (z;'l,j,:c;hjﬂ]
n,j
0<j <1,

needed to obtain aj, and b;. So, if we run the algorithm for K
iterations (see Algorithm 1 for the stopping criteria), then the
complexity is O(3 1, (Ir_1 + I1.)). Consequently, using (19),
the worst case computational complexity of the algorithm
O(2%+1). If instead of two we have N distinct service
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requirements then the computation complexity increases to
O(N2K+1),

In view of the exponential complexity of Algorithm 1,
we propose an approximate policy in Section V-Cl and
also provide its performance bound. The computational
complexity of this approximate policy is O(NK) for N
distinct arrivals case.

C. General Service Requirements

We now further extend the system model in Section V-A to
allow more than two distinct job sizes. We assume that, in
each slot an agent with demand ; (: =1,2,..., N) arrives
with probability p; and there is no arrival with probability 1 —
p where p := Zf\il p;. Without loss of generality we assume
that ;s are monotonically increasing.

Let us see the stochastic shortest path formulation of this
problem. Let J : {¢,...,¥n} X [0,¥y] — R be the opti-
mal cost function and 7 : {¢y,..., ¥y} % [0, ¥n] — [0, ¥y]
be the optimal policy for the problem (7(v;, ) € [0, ¥;] for all
7). The optimal cost function is solution of the following
Bellman’s equation: For all z € [0, ¥5],¢ € {1,2,.., N},

N
in {(wi —ut o) bde+ > p ()
i i=1

J

+ (1 —p)u(u+ d)}

Let us also define the k-stage problems with J(+, -)s being the
optimal cost functions and 7% (-, -)s being the optimal controls
as in Section III. Clearly,

— H _ 2
HWiw) = min J@, —ut o) +drtu(utd)} @0)

and

JM%Jﬁzég%

{(wi—u+m)2—|—dx

N
+ijJk—1(Wj,U) + (1 —p)u(u+ d)} o
=1

for k > 1. The following lemma shows that the optimal cost is
a convex increasing function in both of its arguments. We use
convexity of the optimal cost in Lemma 5.3 to derive a lower
bound on it.

Lemma 5.2: For all k> 0, J;(y,, ) is convex in both its
arguments.

Proof: The proof follows exactly same arguments as the
proof of Theorem 3.2. u

As in Section V-A, we can iteratively obtain 7 (-, ),k > 0,
yielding 7(-,-). In other words, we can extend the arguments
in Section V-A and Algorithm 1 for handling any finite num-
ber of distinct job sizes. As the Algorithm 1 is of exponential
complexity, instead, we propose a closed form approximate
policy 7(, -) and also derive its performance bound.
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1) An Approximately Optimal Policy: Let us define v :=
(Ziv:l p;j¥;)/p and consider a fictitious problem wherein an
agent with demand 1 arrives with probability p and there is no
arrival with probability 1 — p. The optimal cost function for
this fictitious problem, J'(-), is solution of the following
Bellman’s equation.

J(z) = rr[lir;]{(l_p —u+2z)? +de+pJ (¥, u)
ue[0,Y]
+(1 —plu(u+d)}
Moreover, following Theorem 3.1, the optimal policy for this
problem, say 7'(+), is: If d < 2¢/(1 — p),

else
0, if € [0, x]
7'(x) = %’ if x € [z, 011],0=0,..., K -1
%, if © € [xx, ¥,

where a;'s, b's and z;s are as in (5), (6) and (7), respectively,
with ¥ and p replaced by v and p, respectively. Also, a,, =
lim; oo @}, boo =lim; oo bf and K = min{k: x4 > ¥}
Our approximate policy for general service requirements is
motivated by 7/(-). Notice that the cost function J'(-) and the
policy /() implicitly assume that all the agents have demand
¥ (/(+) € [0,]). But, motivated by .J'(-), we can define func-
tions

J(w) = min {(¥; —uta)’ +do+pJ' (w)
UE[O.WI',]

+(1 = plu(u+d)}

forall i =1,..., N,z € [0, ¢¥y]. The optimal actions in the
above expressions, 7(;, z), are: Fori =1,..., N,
(D) ifd <2y(1—p),

ﬁ(lﬁwx) =

Vi
T4y -
(1+ax) ’

@) if20(1-p) < d,

Aaty;) b1 Vi
[TOLS)O}O ? lf T e [071:1]7
2(x+;)—bF v .

(Y, x) = [Q(Ta;‘)l}o ,if @ € [z, mpa],

l=1,...,K -1

o) bt Vi
{%}0 ) if r € [xKal”N]v
where K = min{k : xp1 > ¥y}
We propose to use 7(-, ) as an approximate policy for our
problem.
2) Performance Bound: Let J:{y,...,¥x} x[0,¥y] — Ry
be the cost function of the policy 7(,-). It satisfies the fixed
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point equation

N
T(Wiyx) = (; — 7Yy, 2) + 2) +do + Y pid (¥, 7 (Y5, 7))

=1

+ (1 - p)ﬁ(}[f“x)(ﬁ’(l//”x) + d)

We would like to bind .J — .J. But we have not been able to
assess the optimal cost function J. We instead show that
J'(-,-) is a lower bound on J(-,-) and bind .J — .J'.

Lemma 5.3: Foralli=1,... N,z € [0,v¥y],

Proof: See Section J in supplementary material. |
Lemma 5.2 immediately implies that

j(wiax) - J(Wm"ﬂ) < j(lﬁnﬂf) - Jl(wmx)

We now focus on binding J — .J'. Let us define

D:=> pilv; — ¥l (22)
J
Bi=) (¥, =¥, (23)
J
and A= > pi(Y—v)RUy+¥;— V). (24)
J <
Following is the desired bound.
Theorem 5.1: Foralli=1,..., N,z € [0,¢¥y],
_ A+ B+vyD
T(Ww) = J' () < ZEEHID
L—=p
Proof: See Appendix B-A. [ |

Remark 5.1:

(1) Note that B and D are measures of variability of the ser-
vice requests. Moreover, A also depends on variability
of the service requests. All these parameters reduce to 0
for single service requirement problem of Section III.
This is expected as the approximately optimal policy is
identical to the optimal policy in this special case.

Note that the bound on J(;, z) — J'(;, x) diverges as
P approaches 1. But the time-averaged scheduling cost
of any policy is p(1 — p) S0, piJ (V;, @) (see the first
paragraph of Section III). Hence the time-averaged ser-
vice cost of policy 7(-, -) exceeds the optimal time aver-
aged service cost by at most (A + B+ ¥D)p*. From
the previous remark, this quantity reduces as variability
of the service requests reduces.

We illustrate the average optimal costs, their lower bounds
and the average costs of the approximate policies for two
examples in Fig. 7. Here we keep v, fixed and vary v, from
Y, to 10y. We observe the costs of using the optimal policy
and approximate policy are close for smaller values of ,. For
larger values of i, also, the bound suggested by Theorem 5.1

2
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Fig. 7. Optimal average costs, their lower bounds and the costs of approxi-
mate policies for two examples. For both the examples, we fix ¢, = 3,p; =
0.4,p = 0.5 and vary ¥, from v, to 10v,. We consider d = 1 for the first
example (left sub-plot) and d = 150 for the second example (right sub-plot).

is pretty loose and the actual costs of the approximate policy
are much lower.

VI. TUNING SYSTEM PARAMETERS

Given the parameters v, p and d, optimal scheduling results
in certain maximum offered service per slot, average service
cost, and average deferred service. The service provider may
want to regulate each of these. For instance, it may want to
limit the maximum amount of service in any slot owing to
practical considerations or keep the average deferred service
to a prescribed value. It can achieve these goals by suitably
tuning d, the waiting cost per unit service. For instance,
increasing d may lower the average deferred service.

In the non-cooperative game paradigm, the agents dictate
the amount of service they should receive based on their
respective service and waiting costs. Expectedly, the aggre-
gate service and waiting costs in the non-cooperative setting
are higher than those in the optimal scheduling scenario. How-
ever, the service provider can attain optimal service cost and
average delay by tuning a few parameters, as is widely done.
For instance, the authors in [27] propose a punishment mecha-
nism to enhance trust and cooperative behavior among the
agents. In [28], they model cluster identification in an e-com-
merce system as a Stackelberg game in which a leader group
tunes the payoff functions to elicit cluster information from
the followers.

In our formulation, the service provider can also scale the
service costs, say by c, or offer incentives for deferring the ser-
vice, say 8 per unit of service, or can do both to induce desired
service deferral behavior by the agents. In particular, exercis-
ing both the above (3pti0ns makes the effective waiting cost
per unit of service @ The service providers can suitably
choose ¢ and §, attaining optimal service and waiting costs.

VII. CONCLUSION

We studied service scheduling in slotted systems with Ber-
noulli request arrivals, quadratic service costs, linear waiting
costs, and service delay guarantee of two slots. We derived
optimal policy in closed form in case of requests with identical
service requirements in Theorem 3.1. In competing requests,
all with identical service requirements, we also gave a sym-
metric Nash equilibrium. We gave an algorithm (Algorithm 1)
to compute the optimal policy in the case of Markov arrivals
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with two different service requirements. We proposed an
approximate policy for general service requirements and
derived its performance bound.

We consider that all the jobs have same maximum allowed
sojourn time of two slots which is quite restrictive. Allowing
arbitrary limits on sojourn times requires us to keep track of
service requirements with diffident deadlines in each slot.
This leads to the so called curse of dimensionality. We leave
this extension for our future work. Our future work also entails
examining service scheduling problems with convex, but not
necessarily quadratic, service costs. We would also like to
consider scenario with arbitrary job arrivals, service require-
ments and permissible sojourn times, i.e., where statistics of
these variables are unknown.

VIII. APPENDIX A

A. Proof of Theorem 3.1

Let us first recall the notions of k-stage problems and
k-stage optimal cost functions J;. For all &> 0, we will
express Jj, as

Jr(z) = min {(W— u—|—a:)2 +dx + aqpu’ + bku—l—ck}. (25)

uel0,y]

Comparing with (3), ag = 1,by =d,cg =0. For k> 1, we
consider the following two cases separately.

(a) 2¢/(1 — p) > d: We iteratively show that b, < 24 for all
k> 0.For k=0, by < 2y(1 —p) < 2, so the claim trivially
holds. Assume that it holds for some k£ > 0. Considering the
form of Jj, in (25), the optimal policy for the k-stage problem

o) = i [ZE V=0 ) )

We need the following lemma (for proof see Section E in the
supplementary material).
Lemma A.-A.1: Tfd < 2y/(1 — p) then, 7ty (z) < ¥, Vk > 0.
Using Lemma A-A.1, (26) can be written as

nmx>nmx{2‘”*“w>‘l%,o},

(26)

2(1 4 ay)
and hence
2a,.(4 b2 2(x+y)—bp\2
(o)’ + do + a5
Ji(x) = 'H%(%) + o, if 2z + ) > by
(W + z)* + dx + ¢, otherwise.
Therefore, using (4),
faro =1, if 2(u+ ) < by, 7
1=\ apyrn =1 _#, otherwise @7)
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if 2(u 4 ¥) < by

otherwise. (28)

— p(2ak:¢+bk) + d

bri10 = 2p¥ + d,
bk+1 - b
1,1 =

1+ay

Since we have assumed by < 2, a1 and by, only assume
values aj11,1 and by, respectively. Further, using exactly
same argument as in the proof of Lemma 3.2(c), by <
2pyr + d < 2. Thus, we can conclude by induction that b <
24 for all £ > 0. We can now see the following.

ap — Gy as k — oo: For this observe that the sequence
ap, k>0 is identical to the sequence aj,k>0 in
Lemma 3.2(a) (see (27)).

by, — b’ as k — oo: Observe that by = d # b, but for all
k > 1, b depends on bj;_; in exactly same way in which b;
depends on b;_; (see (28)). Hence the claim holds following
the proof of Lemma 3.2(b). b

Further, by, < 2y from Lemma 3.2(c) and ﬁfgg <Y
for all 0 < z < ¢ from Lemma 3.3. Hence, the optimal policy
is as in Theorem 3.1(a).

(b) 2¢/(1 — p) < d: Let us first recall b1,k > 1, defined
earlier (see (28)). Define k= min{k:by; > 2¢}. From
Lemma 3.2(d), limy_br1 = bsx > 2¢. Hence kE < oo.
Clearly, in this case also, aj and by assume unique values for
all k < k; ap = 1,by = d and a;, = ay1, by = by for 1 <k <
k. But

if x € [0, z(]

0,
wp(x) = { Aetd)=bg g o ), ]

2(14ag)
by .
where 2, = & — V. Notice that

b — PRag ¥+ b )
' L+ap,

+d <2y +d=Db.

Hence zyp > . So, if z; > , the case = € [z, ¥] does not
arise, and the desired result is obtained. But, if z{, < ¥, 7;(z)
is a piecewise linear function and Ji(z) is a piecewise qua-
dratic function. Moreover,

T (¢) = arg min{(w —u+4z) +dx+ apqu’

uel0,y]
+bpqu+ ClE+1}a
where
— P * . 12
a Afr1,0 = G, if u <
P = : _ » .

L a0 =1 =70y, otherwise,
if u <

B bE+1,0 = bé?
— — 2a;+ b .
ket biiry = p(ﬁiﬁjw +d, otherwise.
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We now argue that

0, if z € [0, )

2(z+y)-b;
2(04a)

2(z+1//)7b15+1‘1
2(1+(L1;+171) )

75y (2) = if © € [xg,2]]
it z € [, Y]

_ s _
2(1+ag, )7y tbpg

where x is as in (7) and | = 3 = — 4. It suffi-
ces to show that
2 — b
( +a0) r=1()
2 — b 2(x + ) — by
and (x+ ) —% _ (x+ ) —bpiy — 4. (30)
2(1 4+ ag) — 2(1 4 azq1) !
Bt

Note that (29) follows from the definition of x; and equality of
the last two terms in (30) follows from the definitions of z, x,
and z. Equality of the first two terms in (30) is equivalent to

2x(1 + Api11) T b1 = 2x(1 4 ag) + by,

or, bppqq — by = 25”6(@3 - “15+1,1)7

which also clearly holds from definitions of ag, b and ;. Fur-
ther, (30) implies that zy < 2} < 2 (see the definitions of
xo and x1). If & > ¥, then the case x € [x], V] does not arise,
and again the desired result is obtained.

Now let the optimal policy for the k + j-stage problem be

0, if = € [0, )
2a+1)—b .
;(Tal*)l, if € [x,2141],
l= 07 cee 7j -2
e =) e, € [zj-1,2]]
2T+a_y) e i1 T
2atv)bpy ;.
Wﬂj)ﬂ’ if » € [z}, y]
where
e +d) =y 20tV =G _ )
21 +a; ) Ata,) 7
2($; + 1//) - bj—l 2(33; + w) - bl%Jrj,j - (32)
2(1+a; ) 2(1+ agy;y) o

and 7;_1 < ) < z;. If 2, > v, we readily have the desired
result.’If (E < w we can follow similar arguments as above to
show that

0, if z €0, x]
Easins it @ € o, 21,
Tppj () = 2aty)—b 1=0,...,5-1
ECTIRE if z € [x], ]
e G

3 In this case K is j — 2if x;_, > yrand j — Lifz; < .

2367
where
- p
Uppjrijn =1 ———,
Wt
P(2agy; ;¥ + by jj)
biving i = : . d
Ej41,5+1 1+ e +d,
204+ apy vy i)+ bryiry s
and $J+1 _ ( k+j+1,j+12) j k+j+1,j+1 . 1//
Indeed it suffices to show that
2@ +y) - b, 20 +Y) b . @3)
2(1+a,) |  2(+a) | r
=T T=T;
and
2z +y) - b 2@ +Y) by n _
2(0+aj) |, 21+ agyjigen) |, !
i RS
(34)

Equality of the last two terms in (33) follows from the defini-
tion of z;. Then, equality of the first two terms is equivalent to

= b, b

2wy 1(‘1; 1—“;) -1

1 1
or 2x;_ — = .
I+a;, 1+aj,

_ 20} 19+ b7 B 2a; 59+ b7,
1+ a}f_l 1+ a;f_Q

)

or

2z + ‘P)(aj'—g - a;k'—l) =(1+ aj'—Z)b;'—l -1+ a;—1)b;'—27

or
Q1+ a5 a2+ 500y — 1+ ap)ay 2+ y)
a;y =(1+a; )b, — (1+a;_ )by,
(35)
or
2z 9(aj 5 —aj ) =b; ;= by, (36)

where we arrive at (35) using (31). Furthermore, (36) also fol-
lows from (31). Similarly, in (34), equality of the last two
terms follows from the definition of x] 11> and equality of the
first two terms can be shown using (32) and following similar
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steps as above. Moreover, (33) and (34) imply that
xj < %, < xj41 (see the definition of x;i1). If 2, > ¥,
the policy 7y, ;1 (-) is the desired optimal policy. We need to
continue the above iteration up to the least j such that m; >
Y, this j equals K+2 if ;.4 > ¢ and K41 if
Tj-1 <Y< ;.

Finally, observe that the so obtained policy is a piecewise

linear function with progressively increasing slopes,
1 l . .
O’W’ TR All these slopes are less than 1 implying

that 0 < 7y, ;(x) < ¢ forall j > 0 and z € [0, ¥]. Hence the
optimal policy is as claimed in Theorem 3.1(b).

B. Proof of Theorem 3.2

We inductively show that Ji(x),k >0 are convex and
increasing. Let us first define functions Q) : [0, ] x [0, ] —
R, k> 0 as follows:

Qo(z,u) = (W—u+x)2 +dx 4+ u(u+ d),

and forall k > 1,

Qr(z,u) = (Y —u+ ) + do + pJi_1(v)
+ (1 = p)u(u +d).

Clearly,

Jr(x) = min Qg(x,u).

ue0,y]

for all k>0. All the three terms in Qy(z,u) are
convex (see [29, Section 3.2.2] for convexity of the first term).
Therefore, Qy(x, u) is convex in both its arguments. As partial
minimization preserves convexity [29, Section 3.2.5], Jy(z) is
also convex. Since Qo(z, u) is increasing in x, so is Jy ().

Let us now assume that Ji(z) is convex for some k > 0.
Then Q1 (x, w) is convex in both its argument and increasing
in z, and following the earlier arguments, J;1(x) is also con-
vex and increasing. This completes the induction step. We
thus see that, for all £ > 0, Ji(x) are convex and increasing.
As limits of convex and increasing functions are convex and
increasing (see [30, Theorem 10.8] for convexity), J(x) is
also convex and increasing.

XI. APPENDIX B
A. Proof of Theorem 5.1

Let us consider k-stage problems that allow at most k 4 1
service requests (similar to those defined in earlier sections).
Let Ji(-,-),k > 0 be the cost functions of these problems on
application of policies 7.(-, -). For brevity, we use following
notation in rest of the proof:

), == (Y, ) Vi, k and =.
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Then
Jo(Wi,x) = (Y, — ab +2)° + doe + 2 (ah +d)  (37)
and forall £ > 1,
N
T 2) = (¥, — 7} + 2)* + do + ijjk—l(l//jv )
=1
+ (1 = p)zi(a], + d). (38)

Notice that limy .., Jp(¥;,z) = J(¥;, ) for all i and z €
[0, ¥y]. Also, for all z € [0,¥y], J)(¥;,z) = Jo(¥;, ) and
fork > 1,

min {(; —u+2)° +dz + pJi_, (u).
u€l0,y]

+(1 = plu(u+d)},

J}::(wia LC) =
(39)

where J;.(-),k > 0 are the optimal cost functions associated
with k-stage versions of the fictitious problem introduced in
Section V-C1. We inductively derive bounds for J;.(v;, ) —
Jp(Y;,x) for all k> 1. We then take k — oo to obtain a
bound on J (¥, z) — J'(¥;, ).

To begin with,

Al

jl(wwx) - J{(%ax)
N
=S [y ah) — Jyfad)]

il o, 2h) = J(a)]

D; ugﬁr};ﬂ{(% —u+ ) 4 drl + u(u+ d)}

. - N2 N
- —u+ i) +del +u(u+d
urer[lé%}{(tﬁ u+ ) ]+ u(u )}}

. i\2
| min —u+ ) +ulut+d
_Wﬂ{wj D+ u(u+d)}

— min {((p—u+xi)2 +u(u+d)}}

uel0,y]
= El + E27

where
N -
Ey ::;pj [ug%fgj]{(w]—u+xi) —|—u(u—|—d)}

. i\2
—ngi]{(xlfj —u+z)” +u(u+ d)}]
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and

B : —Z:p [mm{

—u+ i) —l—u(u—i—d)}
uel0,y]

. = i\2
_ule%.%]{(w —u+x))” +ulu+ d)}]

The first equality follows from (39) and (38) whereas the sec-
ond one follows since Jy(+,-) = J}(-,-). We now bind E; and
E separately.

Upper bound on E: For all j such that v; > v,

. i \2
. i d
uén[(){r&j]{(l//] u+ ) +ulu + )}

i i\2
,ugé%]{(‘ﬁj*quxl) +u(u+d)}§0_ (40)

For all j such that ¢; < ¥, (a) if ﬁo(wj, Tl) < ¥, then

min]{(l/fj —u+at)’ +u(u+d)}

uel0,y;

. i\2 —
_ug%%]{(wj—quxl) +u(u+d)}f(). 1)

(0) if o (v, 1) = ¥; then

ug[ti}/]lj]{(wj —u+ )’ 4 ulu+ d)} = xi2 + (¢, +d)

and

+u(u+ d)}
V)’ + (v + ).

min { i—u+ xl
uel0,y]
2

(1// +x1

Hence

. i\2
—ut o) fuu+d
uéﬂ)l}!/}j]{(wj b 331) U(U )}

. N2
_ o i d
ule%.%/]{(% u+z))” +ulu+ )}

< (U= vy)(22) + 95— ¥). 42)
Combining (40), (41) and (42) and observing that :cll < Yy we
see that F; < A where A is as in (24).

Upper bound on E: Notice that

N
EQ:ij[min {(@—u+m§)2+u(u+d)
=1

ue(0,y]
¥y —utal)’ - (- u+a))’

. 7 i\2
- min (= ut o) +ulu+

Sl

= ue(0,¥]

—u+ai)? - (xpquxﬁ)ZH.

Further, for all j such that ¢; > 2 (¥; —
u + wl) is decreasing in u, implying that

ut i)’ = (¥ -

2369
i\2 v i\2
lgoaﬁ]{(llfj—uﬂl) — (¥ —u+ai) }
= (¥ +a})’ - (¥ +2})”
= (Y; — ¥)(¥; + ¥ + 221). (43)

For all j such that ¥, < v, (¢,
is increasing in u, implying that

—utai) = (f —ut )

iN2 (7 i\2
121[3};]{(% u+zy)” — (¥ u+w1)}

)

= (¥ — V) (¥, — ¥ + 217). (44)

Combining (43) and (44) we see that

E2< ij lﬂ7+1/f+2$1)
J>y
+ > (¥ — V) — ¥+ 2a))
111//7<‘7f
N
_ijwj Z
=
N

N
2l
j=1
B+ 9D

where D and B are as defined in (22) and (23), respectively.
Combining the bounds on F; and s we obtain
Ji(Wi,x) — J (Y, 2) < A+ B+ yD.

We prove via induction that

i
AN

J(Yi,2) <Y P(A+B+yD).

l

jk(l[’ma?) - (45)

Il
o

for all £ > 1. We have already shown that (45) holds k£ = 1.
Let us assume that it holds for some k£ > 1. Then

Tes1 (¥, @)

N
Z Jk wj"r/Hl) J/(xk+1)]

J

- J12+1(‘ﬁi7 )

I
'Mz _'Mz

I
—

p[ (‘/f]axkﬂ) Jl/c(l/fjax;cﬂ)]

J

+ D Pl T @) — Jil@hi)]

J

where, as before, the first equality follows from (39) and (38).
Now using induction hypothesis,
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pj [jk(‘/’j’ x;:chl) - Jl/c(l/fy x2+1)]

M-

IN

k—1
Py _P(A+ B+yD)
=0
k —
P'(A+ B+yD).
=1

l

(40)

On the other hand, using similar arguments as for bounding

=

ij[ (,)ijx?i) - J(l)(xli)]

=1
we can see that (we also use the fact that .J]_, (u) is increasing
in u)

N
N 0 [Ty 7)) — Ji@hy)] < A+ B+ D,

J=1

47)
Combining (46) and (47) we obtain

k
Te1 (¥, 2) = Ty (W,2) <D0 (A+ B+yD),
=0

which completes the induction step. We thus establish (45) for
all k£ > 1. Finally, taking £ — oo in both the sides in (45),

(A+B+yD)

J(Wi,x) = J (g, x) < i-7)
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